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REGULAR AND SINGULAR PERTURBATION SOLUTIONS
FOR BENDING AND TORSION OF BEAMS

KOLUMBAN HUTTER and YIH-HSING PAO

Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, New York 14850

Abstract-For the bending of a beam under axial forces and for the warping of a shaft in torsion, a perturbation
solution of the governing differential equation is derived. The beam or shaft may have variable cross sections,
variable loading and general end conditions, For both cases-the singular and regular one-the perturbation
solutions are explicitly carried out up to (and including) the first perturbation term, For the singular case in
addition a solution uniformly valid over the entire beams length is constructed. Two examples illustrating the
application are given at the end of this paper.

1. INTRODUCTION

IT IS well known in structural mechanics that the bending of a beam under axial force and
the torsion of the beam with constrained warping of the cross sections are governed by the
same fourth order ordinary differential equation. When the cross sections or the applied
axial forces and torques are constant along the span length, the differential equation has
constant coefficients and an exact solution is readily obtainable. On the other hand, ifeither
the cross-section or the applied force or torque change along the length, the coefficients of
the equation are then functions ofthe length coordinate and solutions are difficult to obtain.
In such a case methods based on energy principles, finite differences, method of finite
elements or other numerical schemes are used to find approximate solutions.

When the differential equation is analyzed by one of the numerical methods mentioned
above, an algebraic system of linear equations has to be solved. In addition, when the
finite difference method is applied, there is the need to study the stability and convergence
of the solutions which may be rather difficult.

It is then clear we need another method to solve the stated problems of structural
mechanics without encountering such numerical difficulties when the coefficient of the
highest order term in the differential equation is small. This happens to be the case in
warping-torsion for closed thin-walled cross-sections. The same is true for cables with
small bending rigidity under high tension.

The differential equations of the bending or twisting of beams are given by [1,2]

[EI(x)w(x)"]" - [N(x)w(x)']' = q(x); 0 S x s L; (1.1a)

[EJ(x)l/J(x)"],, - [GK(x)ljI(x)']' = t(x); 0 S x s L, (1.1b)

together with the usual boundary conditions at x = 0 and x = L. The symbols in (1.1)
represent:

EI(x)
EJ(x)
N(x)

bending rigidity
warping factor
axial force (tension positive)
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x

GK(x)
w(x)
ljI(x)
q(x)
t(x)

torsional rigidity
transverse displacement
angle of twist
specific loading (transverse force per unit length)
specific torsional moment
coordinate measured along the beam

II derivative with respect to x.

For the case of bending, the bending moment M and shear force Qare related to w by

M = -Elw". Q = -(EIw"Y. (Ua)

whereas for the torsional problem, the Saint Venant torque 1;;, the bimoment M(v and the
warping moment Too are related to IjI by

~ = GKIjI", [W", = EJIjI". 7:" = - (EJIjI!f)'. (1.2bI

The fact that the different physical behaviors lead to the same differential equations makes
it possible to discuss the two problems simultaneously.

The integration of the equation (1.1) in closed form is hardly possible for variable
coefficients. When the rigidity or the axial force are general functions of x exact solutions
are not known. On the other hand, ifone or the other of the coefficients of the left hand side
of(Ll) is much smaller than the second, analytical solutions are obtainable from a perturba­
tiona� approach with good accuracy. If, for example

(l

where the subscript 0 designates a typical characteristic value of the corresponding function,
the highest derivatives in (1.1) are of greater influence and one is led to the case of regular
perturbation. In the inverse case, namely

0,4)

the lower order terms are more important and the perturbation becomes singular at x 0
and x = L. Therefore one has to distinguish between a solution far away from the boundaries
(a so-called outer solution) and a boundary-layer solution (inner solution) which satisfies
the boundary conditions of the higher order differential equation (1.1).

On physical ground the coefficients of the equation (1 ) satisfy the conditions

EI > 0; EJ > 0; GK > 0; 0:;:; x:;:; L (l

For N, one has the possibilities N § 0 in the considered interval [0, L]. For the singular
case we consider only the case N > 0, because the case N < 0 belongs to the class where
buckling will occur prior to the satisfaction of conditions (1.4). In the regular case a change
of the sign of N is permitted in the perturbation approach.

We shall discuss first the regular perturbation solution of (1.1) when the condition (1.3)
is satisfied. The singular perturbation solution for the case defined by (1.4) is presented in
Section 3, and in the last section we illustrate the applications for two problems in structural
engineering.
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2. REGULAR PERTURBATION SOLUTION

The transformations

x = ~L;

l!> = {(EIo/PL4)W;

(EJolTL4)", ;

q = Qp;

t = Tp;

N = Nob;

GK = GKob;

bending

twisting

bendingt

twistingt

bending

twisting

(2.1)

change the differential equation (1.1) to the dimensionless form

[a(~)l!>"]" -<:[b(,)l!>']' = p(~); 0:::; , S; 1;

{
E1IElo; {NINo;

a(e) = EJIEJo; b(e) = GKIGKo;

{
(NoL

2)/(Elo);

<: = (GKoL 2)/(EJo);

bending

twisting

bending

twisting

(2.2)

In the above the prime symbol indicates differentiation with respect to e, and because of the
restrictions as specified in (1.5) one finds

o< a(~) :::; 1;

O:::;bR):::;I;

In what follows we assume as in (1.2),

1<:1 « 1

(2.3)

(2.4)

and try to solve the differential equation (2.2) in a form of powers of <:, namely

(2.5)

Substitution of this into (2.2), comparing the terms of equal powers in E leads to a system
of differential equations, the solutions of which are given as

t We best choose P and T such that

QL = s: lP(x)1 dx, TL = s: It(x)1 dx.
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The unknown coefficients of the zeroth order, Ao, Bo, Co and Do are to be determined by
the original boundary conditions and those in first order solutions are fixed by homogeneous
boundary conditions. Higher order perturbation solutions can be determined analogously.

3. SINGULAR PERTURBATION

(3.1)
twisting,{

[No/PL2)]W;

x= [(GK o)/(TL2)]t/!;

Singular perturbation problems arise when one is seeking an approximation of the
solution of (1.1) where the effect of bending or warping in (1.1) is relatively small in
comparison to the tension or to the Saint Venant torsion, respectively. For special boundary
conditions, constant cross sections and constant normal force this case is discussed for the
bending member in [3]. The associated vibrating problem has been solved in [4]. Here we
extend the analysis to variable cross sections, valid for general boundary conditions.

Introducing the transformations (2.1) where we replace «) by

bending

equation (1.1) assumes the dimensionless form

l1'2[aR)x"J" -[b(~)lJ = pm, (3.2)

where

(3.3){
EloIEI; {NoIN ; '2 {" Elo/(NoL 2

); bending
a(~) b(~) 11 =

ElolEl; GKo/GK: Elo/(GKoU); twisting.

In view of the equations (1.4) and (2.3), the coefficients a(~) and b(~) are again bounded
between 0 and 1.

We now solve (3.2) under the restriction that 112 « 1.

(a) Outer solution
Following Ref. [3], we try to find an outer expansion in the form

X(~,I]) = ho+I]h 1 + .... (3.4)

Substituting (3.4) into (3.2) and comparing terms of the same power in I] gives rise to the
system of differential equations

-[b(~)ho]' = p(~);

[b(~)httJt = 0;

[bWhzJ' = [a@hoT'·

(3.5)



(3.6a)

Regular and singular perturbation solutions for bending and torsion of beams 1527

We restrict our considerations to the zeroth and first order solutions with

r~ dA r~ dA rl

ho ;: Bo+AoJ
o

b(A)- J
o

b(A)Jo p(1))d<jJ;

r~ dA-
hl = Bl + Ai J

o
b(A)' (3.6b)

where Ai, Bi , (i = 0, 1) are arbitrary constants, which are determined by matching the outer
solution with the following boundary layer solutions.

(b) Boundary layer expansion near ~ = 0
Near the boundaries the influence of the higher order derivatives in (3.2) becomes

greater in comparison to the lower order terms. In order to balance their influence, we
introduce the boundary layer coordinate near ~ = 0

(3.7)

(3.8)

(3.9)

which transforms (3.2) into

~([a(e)x"(e)J"- [bmX'(e»)'} = p(e).
YJ

Introducing the power series expansions for the coefficients a and band p

a(~) = ahO)+a\O)~+ = ahO)+l1ea\Ol+ ;

b(~) = bhO)+b\O)~+ = bhol+lJeb\O)+ ,

p@ = PbOl+ lJep\Ol + ,

assuming a boundary layer expansion of the form

X(e) = go(e)1/ + gl(e)1/2 +.. . (3.10)

and substituting from (3.9) and (3.10) into (3.8) in which p(e) is expanded into a power series
about e= 0, and collecting terms of the same powers in 11, one obtains the differential
equations

[abOlgoJ" - [bbOlg~]' = 0

[~bOlg';J" - [b~lg'lJ ;: PbOl- [(a\Olego)" - (b\Oleg~)'].

(3.11 )

(3.12)

(3.13)

For a first order approximation we need only to solve equation (3.11). Its solution is

- _ ( bhO)_)
gom = Co + Do~+Eo exp - abOl~

where we already have discarded exponentially growing terms which do not allow matching
with the outer solution. Two of the three constants in (3.13) are determined through the
boundary conditions at ~ = O.

(c) Boundary layer expansion near ~ = 1

Physically, there is no difference between the boundary layer near the left and right end.
We therefore only have to translate to the neighborhood of ~ ;: 1 of what was said for the
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neighborhood of ~ = 0 [see (b)]. We therefore write

~ = (J -- ~)/II

so that x(~) is of the form

x(~) = rzf~(~)+f/2f;(~)+ ....

Expanding the coefficients a and b near c: I we obtain

a(~) = abl)+a\l)(~-l)+ ....

= a~l) all)f/~+

14i

(3.15i

(3.16)

(3.18)

b(~) = bbI)-bbl)f/~+ ....

In exactly the same way we can expand also the loading p:

p(~) = Pbll p\l)f/~+.... (3.17)

Substituting (3.14H3.17) into (3.2) and comparing terms of the same order in IJ leads to the
equations

ab1)! b~' - bbl)n = 0,

abllf{v -M}t~ = plJI) + (a\l) . ~f~)" -(b\1). ~fo)',

the first of which has the solution

. ~ - ( b~)~)JaW = Go+Hoe+Koexp -abl)~ . 13.19)

where the term involving exp( + bbl)~/abl) has been dropped owing to the fact that
exponential growth allows no matching as ~ -.... + ce.

(d) Matching procedure

Matching (3.13) with the outer solution requires a coordinate transformation by
introducing an intermediate coordinate ~*

such that it follows from /l --> 0

Y/11 -'> ::0;

~* = ~/Y(1]),

~ = (y/rM* -'> ex; ; ~ = Y~* ....... O.

(3.20)

(3.21)

(3.22)

(These requirements are for example satisfied for y = 11",0 < a < I.) The meaning of (3.21)
is that for fixed and finite e*, the boundary layer coordinate ~ and the outer expansion
coordinate eboth tend simultaneously to the appropriate limits. Therefore, in terms of ~*.

both expansions are valid for IJ -+ 0, and we have

lim (ho+/lh 1 + ... -gO/l-gI,/2 - ...) = o.
~->O(~·fixed)

Expanding ho and hI in a power series near ~ 0 and using (3.13) and (3.21) we obtain

I· {B Ao.~* B A!. ;:*
.
lm 0 +~y<" + ... + IJ 1 + b(o)f/Y'" + ...

~->O(~.fixed) b(O)

(

b(O) Y )}
-f/Co-DoY~*-f/Eoexp - aWl ry~* = O.
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This shows that

Bo = 0; (3.23)

Substituting (3.23) in (3.13), we find the first term of the boundary layer solution (3.10) is

_ Ao _ ( bbOI _)
X@ = I1Co+ b~le+ Eo exp - abol e + ... , (3.24)

where of the three unknown constants, Co and Eo are determinable through the boundary
conditions at e= O.

An intermediate limit analogous to the one given in (3.20) is given through the
transformation

(3.25)

(3.27)

(3.30)

which satisfies the conditions that if eis fixed and 11 --l> 0 then

~ = fC --l> + co and e= ,~+ + 1 --l> L
11

Therefore the condition for matching the boundary layer solution (3.15) with the outer
solution (3.4) is [obtainable in the same way as (3.22) was obtained]

n-,o~~~ixedl{Ao L b~~) - L b~~)f P(</»d</>+ [b1:) -b;l)L P(A)dA],e+

i l
dJ A . ( b(l), )}

+1]CO+1]A 1 J
o

b(A) +1] b(t),e+ + ... -1]Go-Ho'~+-1]Ko exp - a~l) 1] = 0, (3.26)

where use has been made of the results given in (3.23) and (3.25) and a power series expansion
of the outer solution about e= 1 has been used. From the above limit one obtains

A _ JHd)Jb(A)Jf~ P(</» d</>.
°- H[dA/b(A)) ,

Go-Co .
Al H[dA/b(},)]' (3.28)

JHd2/b(}.)H~ p(</» d</> 1 (1
Ho = + bb11 J~ [d2/b(2)] - bg l Jo

p(J) d2, (3.29)

where use has been made that WI = b(1) as seen from (3.16). The remaining unknown
constants Go and K°are to be determined by the end conditions at e= 1.

(e) The final solution

To summarize, the outer solution for 0 < e< 1 and the two boundary layer solutions
are:

(a) Near the end ~ = 0:

_ {c JHdA/b(),)H~ p(</» d</>_( bbol-)}
XR)-11 0+ bbOIH[dA/b()')] ~+Eoexp -ahol '

where ~ = ~/1].
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(3.31 )

(3.32)

(b) Between the ends, 0 < ,; < J.

. H [dA/b(A)JS~p(q'» dq'> i~ dA J'~ d), ii,
x(~) =~·-··1~/b(l,D·-· 0 0 b(J) () p(q'» dq'>

[
,Co.-Go j~i; dA]

+11 ('O-j8[dA/bO.)]· () b(i>, ,

(c) Near the end ~ ::= 1;

, = {G +rH[dAlb(A)]HP(4»~~._.Lil, o"J" (_NP)}xW 11 0 [b~)H[dA/b(A)] b~) 0 P().)d),. c;+Koexp a~1i';

where ~ = (1- WlJ.
A solution uniformly valid over the entire span is constructed by adding all three

expansions and sUbtracting the common part which has cancelled through identically in
the matching procedure. This common part is

CP ~111~+lJCo+ [~f)-b~l)f P(J)dJ}C +11Go·

Thus, adding (3.30H3.32) all together and subtracting (3.33) yields

(3.33)

(3.34)+1/ {Eo exp ( - :t:~} +Koexp ( -~~; I ~() +Co- H~~~3Sj J: :~)},
The four constants Co, G(), Eo and 10 are determined through the usual boundary conditions
at ,; = 0 and 1.

Note that in (3.34) all constants ofintegration arise in the first order term ofthe approxi­
mation. Away from the boundaries, the zeroth order solution which is comprised of the
first two terms in (3.34) becomes dominant. This is recognized to be the solution of the
equation

[b@xT = -pm
with the boundary conditions X(O) = x(l) ::= 0, which corresponds to Saint Venant torsion
ofa thin rod with built-in ends. Thus, the very first approximation away from the boundaries
is in fact the same for any type of boundary conditions.

It is readily recognized from theequations (3.30H3.34) that the first orderapproximation
of the singular case involves only integrations over the coefficient b@, while a(e) arises only
in form of its boundary values. In other words, the first order approximation of (3.2) is the
same for all shape functions a(~) which have the same values at e= 0 and e= L A distinct
approximation of(3.2) for different a(~) is only obtainable when one treats with higher order
perturbation. It is also easily identified that this remark does not hold for the regular case
where the first approximation leads to a formulation which is dependent on the shape
functions a(~) and b(,) over the entire interval 0:::;;; e:::;;; L

Having the general formulas (3.30H3.34), we are able to treat aU special cases. If, for
example, b(~) = const. = 1, it is the case of a bending member subjected to a constant
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normal force. If both a and b are constant, then we are led to a beam or shaft of constant
cross section. For this case the differential equation (1.1) is easily integrated and the pertur­
bation procedure seems to give no advantage except a little more insight to the propagation
of errors in the numerical calculation when the cases f: --+ 0, 17 --+ 0 are considered.

4. APPLICAnONS

The two perturbation approaches are applied to analyze two different engineering
problems with the torsion of a beam as an example for the singular case and the bending
of a beam for the regular perturbation. The beam has non-uniform cross section and is
clamped at both ends so it is constrained against warping in torsion near the ends and
extension in bending.

(a) The singular case
The cross section we choose for the singular case is shown in Fig. 1. We consider a

beam with parabolic variation of the height

ct.<4 (4.1)

(4.2)

and with two built-in supports subjected to torque t(x). The corresponding boundary
conditions are

</> = </>' = X = x' = 0 at ~ = 0, 1.

We omit all mathematical details, which are given in Ref. [5]. The final results for the
constants of integration used in (3.30), (3.31) and (3.32) or (3.34) are

SA [dJejb(Je)] Hp(</» d</> .
Eo = - Co [(bg>l)2 jahOl]fA[d},jb(J)]'

-fA[dJejb(Je)]fAP(</»d</> ah1l [1
Ko -Go = [(bh1lfjalil]fA[dJejb(Je)] + (bh1l)2 Jo p(J)dJe.

These formulas give the twist and therefore together with the transformations (3.1) and the
formulas (1.5) the inner forces.

Numerical results are computed for a constant specific torque and a realistic cross­
section with the following data:

to = 0·20m,

a(~) = b3R),

1= 3·50m, ho = 2·50m,

We have also evaluated the numerical value for 17. Since this value is also a function of the
length of the bar it is only worth to give its order of magnitude for realistic beams. For
closed box-cross-sections in concrete as shown schematically in Fig. 1, we have found that

17 :::; 0·05.

This shows that one has in fact for such cases a real boundary layer problem.
Figure 2 shows the normalized warping moment Twas defined by equation (1.5) in the

neighborhood of the boundary for several different choices of 17 in case of constant cross­
section. Figure 3 shows the normalized Saint Venant torque r. under the same conditions.
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q(x)

I I

+~l L' -~--t>x !

L i
------- ----------------------+

!(xl

(a)

Bending

(bl

Torsion

It is seen from these two graphs, which show one fifth and one half of the entire length of the
bar, that the curves for different 17 are distinct appreciably near the boundaries but "converge"
in the middle of the bar (~ = 0·5) to a common curve. This limit curve is in our example a
straight line and as it easily can be verified, the solution of the reduced differential equation
(I] = 0).

The Figs. 4 and 5 demonstrate the influence of the variability of the shape functions
characterized by the parameter ry. which describes the thickness in the middle of the beams
(ry. = 1 means constant cross-section, ry. = 4 means no height at the middle cross-section).
This influence to the Saint Venant torsional moment and to the warping moment is very
little for values of the perturbational parameter 17 < 0·04. Thus, one is in this case allowed
to calculate with the simplified theory of constant cross-section (see Figs. 2 and 3) without
loss of much accuracy. On the other hand, if 0·04 < I] < t, the distinction between the
solution with constant and variable cross-sections becomes pronounced and one must use
the general perturbation solution of variable cross-section.

05

Warping moment

Canst cross section

03

0·1

~
"-
I-,,' 0·2

0-4

7)"0
oL..:------==.....----====--"""":'0l::-2-----

FIG. 2.
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0·5

004

0·3

0·/

Sai nt Venant torque
constant crosS section

curve

FIG. 3.

There remains still one question, namely the influence ofan approximation of the shape
function to the solution because the difference between the final solution for a constant
cross-section and that for a variable cross-section becomes appreciable for 1] > 0·04 and the
torsional rigidity GK(~) which enters into the perturbation calculation through the
parameter b(~) is in practice often given only pointwise. We have obtained in [5J that a
replacement of a continuous shape function by a smooth approximation does affect the
results only very little (percentage error < 3 per cent) so that approximate representations
of the shape functions are permissible.

0·5

~ 1:]'"

-{ 0

- ...... Q = I
2

,_0- 3
0-3

i::! "l =0-1
............~ "l =0-06

0-2

FIG. 4.
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_____ 7)=002

0'-------=-0"7-1----:O::':·2::----0=-'·3::-------=-0·'-:-4---?I,
FIG. 5.

(b) The regular case

We restrict our considerations to a built-in bar in bending under a constant loading
and assume a parabolic variation of the height as in (4.1). In addition, we assume a tempera­
ture variation, so that a normal force

N = - w!l. T . E . b . h(~)

is induced. In the above !l.T denotes the temperature-raise relative to the unstressed state,
w the coefficient ofthermal expansion, bh(~) the area of the cross-section and E the modulus
of elasticity. We emphasize that for !l.T ~ 0 we have f; §: O. We again omit the rather
involved integrations and refer the interested reader to [5]. The constants of integration in
(2.6) and (2.7) turn out to be

co~o; Do~O; l
A

o

~ ~~: ~~Ad~A:(:)]i~SW/a(Al] Hi! _.plP(.p) d.p dA I
Bo = .. H [d,1./a(,1.)J ---

C 1 = 0;

D 1 = 0;

Ai = 0;

B j = ~_l~[ -AoI~(O.5)-BoI~(0.5)-I3(0.5)J
.:£03(0·5)

(4.3)

(4.4)
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where

(4.5)

(4.6)

(4.7)

and

(4.8)

We have carried out numerical calculations for CI. = 1,2 and 3, which are shown in Fig. 6.
This figure shows that the shape function is of great influence to the distribution of the
bending moment. This is well known for the zero order moments M0/PL2and is even true
for the first order moments as Fig. 6 indicates.

Since CI. = 4 belongs to a beam with zero thickness at ~ = 0·5 we cannot obtain a
particular curve for this case. The perturbation approach becomes singular [see e.g.
equation (12)]. The curve M t!(PL2) for CI. = 4 would be shifting to 00. This is consistent with
the physical feature of the bending with nearly zero rigidity.

a=2
N

b

FIG. 6.
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5. CONCLUSION

The application of the perturbation technique to the differential equation for warping·
torsion or beam in bending under axial forces has led to the following results: in the regular
perturbation case the elementary theory of pure warping or pure bending leads to an
approximate answer with an error which is proportional to the perturbation parameter in
the entire length ofthe beam. This however is not so in the singular perturbation case, where
the approximate solution uniformly valid over the whole length ofthe beam is a composition
of the outer expansion and inner solution. Here the perturbation parameter itself is not a
measure for the error ofthe approximation. For the two structural problems we investigated.
the singular perturbation analysis reveals that the theory of hollow shafts in torsion based
on the pure Saint Venant assumption may be an oversimplification. The solutions are in
error appreciably in the neighborhood of the boundaries. Similarly, the deformation of a
large size cable under tension can not be treated by neglecting its bending rigidity. One
should therefore carry out the analysis in all these cases with the exact theory, and the
method of singular perturbation is the appropriate one to solve the equations arising from
the exact theory.

As for the variability of the cross-sections, the numerical example shows that it is not
necessary to carry through the calculations with the exact shape function for the cross
section in the case of singular perturbation. This can be replaced by a simpler function
which coincides with the exact one at a certain number of points. When the perturbation
parameter 11 is less than 0·04, the variability of the cross section can be neglected.

In the case of the regular perturbation the calculations show that the solutions in
general depend appreciably on the variability of the cross sections. This is well known in the
case of bending for the zero order solution and was also proved to be true for the first order
solution here. If therefore higher order solutions are considered they always have to be
carried through without any simplifications as far as the variability of the cross sections is
concerned.

One last point about the application of the singular perturbation method is worth while
to mention. If the coefficient associated with the highest order term in the differentiai
equation is small, difficulties in numerical calculation may arise if the common methods of
integration are used. This is readily seen if the differential equation is solved when the
coefficients are constant, for which the solution is obtained in a form which involves small
numbers as divisors. The singular perturbation solution avoids this difficulty and is
therefore--even for the equation with constant coefficients-the appropriate way of
numerical approach.
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Zusammenfassung-Fiir den Biegezugstab und flir das Problem der Wolbkrafttorsion wird eine Storungsrechnung
durchgeflihrt und zwar unter den allgemeinsten Voraussetzungen variabler Koeffizienten, Belastung und beliebiger
Randbedingungen. Fiir beide Falle-den singularen und den regularen-werden die Storungsapproximationen
explizite angegeben bis und mit dem ersten den Storparameter enthaltenden Term. Fiir den singularen Fall ist
zudem eine iiber das ganze Integrationsintervall giiltige uniforme Approximation angegeben. Zwei Beispiele
illustrieren die Anwendung.

A6cTpaKT-L(aeTcli peweHHe MeTO,!lOM B03MYllWHHM ,!Inll onpe,!lenlilOll\ero ,!IHQ>Q>epcHI.\HanhHoro ypaBHeHHlI,
KaCalOll\erOCli H3rH6a 6anKH, HarpyJKCHHOM OCCBhIMH CHJlaMH H ,!IennaHaUHH CTepJKHlI npH Kpy'leHHH.
honKa HnH CTepJKeHh MoryT HMeTh nepCMeHHoe nOnepe'lHOC Ce'leHHe, ncpeMeHHylO Harpy3Ky H 06ll\He
KpaeBhle ycnoBHlI. L(nll ,!IBYX cny'laeB, T.e. cHHrynllpHoro HperymlpHpro, nonY'lalOTCli peweHHlI c nOMOll\hlO
B03MYll\CHHM B lIBHOM BH,!Ie, ,!IO ncpBoro '1neHa B03MYll\eHHlIjH 3aKJlIO'IaH :nOT '1neHj. KpoMe Toro
,!IaCTCli peweHHe ,!IJllI cHHrynllpHoro cny'lall, paBHOMcpHp BaJKHO no BeeM ,!IJlHHe 6anKH. TIpHBO,!laTCli
,!IBa npHMepa, HJlJlfOCTPHpYIOll\He npHMeHeHHlI MCTO,!la.


